Abstract. We generalize the results of Skorobogatov and Zarhin considering the commutativity of Brauer groups (and Brauer-Manin sets) with taking product of two varieties, by relaxing the condition that varieties are projective.
Introduction
Let X be a variety over a number field k, Br X = H 2 et (X, G m ) the cohomological BrauerGrothendieck group [3, 4, 5] , X(A k )
Br X the Brauer-Manin set [8] . Consider the product of two varieties X × Y , it is natural to ask the commutativity of Brauer groups (and Brauer-Manin sets) with taking product.
Skorobogatov and Zarhin [9] investigated the cokernel of the natural map Br X ⊕Br Y → Br(X × Y ) and the relation between X(A k ) Br X × Y (A k ) Br Y and (X × Y )(A k ) Br(X×Y ) , namely, if X and Y are smooth, projective, geometrically integral, then coker(Br X ⊕ Br Y → Br(X × Y )) is finite and
. The aim of this note is to relax the projectivity constraint on X and Y . Let k be a field of characteristic zero with fixed separable closure k. Let X and Y be smooth quasi-projective geometrically integral varieties over k whose base change to k are denoted by X and Y . Assume that (X × Y )(k) = ∅ or H 3 (k, k × ) = 0, for example, k is a number field. Then in Proposition 2.13
we show that the cokernel of the natural map Br 1 X ⊕ Br 1 Y → Br 1 (X × Y ) is finite, where by Br 1 we mean the algebraic part of Br. If in addition, for every prime l, there are smooth projective compactifications X c and Y c such that
is surjective where V l is the l-adic Tate-module base changed to Q l , say, varieties with finitely generated or torsion-free geometric Picard groups. Suppose the invertible functions on X × Y are all constants, in particular, proper varieties. Then in Theorem 2.21 we show that the first main result of [9] also holds, that is, coker(Br X ⊕ Br Y → Br(X × Y )) is finite. Actually, the additional assumptions are used to establish the finiteness of coker(Br(X)
For details, see Proposition 2.6 If k is a number field and X and Y are smooth geometrically integral varieties over k, then in Theorem 3.1 we show that the second main result of [9] 
As mentioned in [9] , by usingétale homotopy of Artin and Mazur, Harpaz and Schlank [7, Cor. 1.3] proved a statement similar to Theorem 3.1 where the Brauer-Manin set is replaced by theétale Brauer-Manin set and varieties do not need to be proper.
For Theorem 2.21, the idea of proof is to compare the various cohomological groups of varieties with the ones of their smooth compactifications. Since the compactifications are projective, one can then make use of the original result of [9] . The proof of Theorem 3.1 relies on a modified version (Lemma 3.2) of a lemma of Cao [1] , considering the relation between
Notation. Let k be a field and fix an separable closure k. Let g k = Gal(k/k). A k-variety X will be a separated k-scheme of finite type. Denote by X the base change X × Spec k Spec k. For two varieties X and Y , we write X × Y for X × Spec k Y . Denote by p X and p Y the two projections from X × Y to X and Y . If X is smooth, let X c be a smooth compactification of X. Then we have the dense open immersion X ֒→ X c . If X is also quasi-projective, X c can be made projective.
Denote by S(X), Ab and g k -Mod for the categories ofétale sheaves on X, abelian groups and g kmodules. Let D + (X) and D + (Ab) be the corresponding derived categories of complexes bounded below. Since S(X) has enough injectives, the right derived functor RF :
is the m-th Tate twist. It carries a natural structure of g k -Q l -bimodule.
For an abelian group A, let A tors be the torsion part of A. Let A n and A/n be the kernel and cokernel of the homomorphism A ×n → A. By l-adic Tate module of A we mean the projective limit lim
The finiteness of the cokernel of the Brauer groups
For a contravariant functor F from the category of k-varieties to Ab, let X and Y be two k-varieties with compactifications X c and Y c . Define
where the maps are induced by (p * X , p * Y ). We use similar notation for ker and im. We first consider coker(Br g k ). For any k-variety X and positive integer n not divided by the characteristic of k, the Kummer sequence
Let n = l i , they both form Mittag-Leffler inverse systems of short exact sequences so that taking invert limits also yields exact sequences. On tensoring with Q l we have
Now let X and Y be smooth quasi-projective geometrically integral varieties over k, X c and Y c smooth projective compactifications. We have the natural pull back
Proposition 2.6. Let k be a field of characteristic zero. Let X and Y be smooth quasi-projective geometrically integral varieties over k. Assume that for every prime l, there are smooth projective compactifications X c and Y c such that (2.5) is surjective, and that
which is the cokernel of
Proof. By [1, Lemma 2.15], without the properness assumption, we have the Künneth decompositions of g k -modules
Taking projective limit on n = l i and tensoring with Q l , we obtain the decompositions of g k -Q lbimodules
To obtain (2.9), we observe that
By (2.3) and factoriality we have the commutative diagram with surjective rows
Note that the Brauer group of a smooth variety is torsion [4, Proposition 1.4], and V l preserves cokernels of homomorphism of torsion abelian groups. Along with (2.9) we have a surjection between cokernels (2.10)
Since there is an obvious surjection (2.11)
by factoriality, the composition of (2.10) and (2.11) fits into the commutative diagram of g k -Q lbimodules with surjective rows (2.12)
By (2.4) applied with X × Y and (2.8) we have
and similarly
Thus the assumption that
is surjective is equivalent to that both
) are surjective. It follows that in the diagram (2.12), the left vertical arrow is surjective. Clearly the right vertical arrow V l (coker c (Br)) → V l (coker(Br)) is also surjective. Denote by ker(V l ) the kernel of it. Taking Galois cohomology on the short exact sequence
we obtain the exact sequence
Since X c and Y c are projective, the first group vanishes by [9, Theorem 3.1 (a)] and the last one vanishes since as abelian group, the Q l -vector space ker(V l ) is uniquely divisible. It follows that the middle one also vanishes. Since the characteristic of k is zero, by assumption, this is correct for every l, which is to say that coker(Br) g k is finite. By [9, Proposition 1.5 (iv)] the natural map Br X ⊕ Br Y → Br(X × Y ) is injective. Thus we have the short exact sequence
Taking Galois invariant we obtain
It follows that the finiteness of coker(Br) g k implies the finiteness of coker(Br g k ). The proof is complete.
Next, we investigate coker(Br 1 ). Remember that Br 1 X = ker(Br X → Br(X) g k ) is the algebraic part of Br X. Proposition 2.13. Let k be a field of characteristic zero. Let X and Y be smooth quasi-projective geometrically integral varieties over k.
, the cokernel of the natural map
is finite.
For the proof, the following three lemmas are enough. For an arbitrary k-variety X, let p : X → Spec k be the structure morphism. Following [6] , define KD(X) = (τ ≤1 Rp * G m,X ) [1] and
Thus we have the distinguished triangle in D + (k) (2.14)
Lemma 2.15. We have a natural isomorphism coker(Br 1 )
Proof. By taking H 1 (k, −) on the distinguished triangle (2.14), the exact sequence [6, (8.5 )] extends to
We have an obvious commutative diagram
On taking H 1 (k, −) we obtain
where p * is an injection by the assumption of Proposition 2.13 (see the comments after (21) in [9] ), and so is the horizontal arrow e. Thus by factoriality we have the commutative diagram with exact rows
Clearly the left vertical arrow is surjective, which implies that coker(ker r) = 0. Thus the proof is complete by using the snake lemma.
Lemma 2.16. We have a natural injection coker(
We have the obvious distinguished triangles
Then by octahedron axiom of triangulated categories, we have the distinguished triangle
Taking hypercohomology at 1 and by factoriality we have the following commutative diagram with exact rows
where the left and right vertical arrows are isomorphisms since
by [2, Theorem 4.2] in which we take S = Spec k and choose a k-point in X × Y . It follows that coker(ker u) and ker(im v) vanish. Thus the snake lemma yields
The proof is complete.
Lemma 2.18. The groups coker(H 1 (k, Pic)) and ker(H 2 (k, Pic)) are finite.
Proof. Claim that the abelian group coker(Pic) is finitely generated and torsion-free. Choosing smooth projective compactifications X c and Y c , we have the following commutative diagram of g k -modules with exact rows 
splits as abelian groups (not as g k -modules). The claim will follows if we show that
This is the case since for any n the induced map
is surjective, which follows from the commutative diagram
where the two surjective horizontal maps come from (2.1) and the left vertical map is the isomorphism (2.7). The claim is proved. Now (2.20) gives the long exact sequence
By the above claim, H 1 (k, coker(Pic)) is finite. Thus coker(H 1 (k, Pic)) and ker(H 2 (k, Pic)) are also finite. The proof is complete.
Now we obtain the desired finiteness for coker(Br). Theorem 2.21. Let k be a field of characteristic zero. Let X and Y be smooth quasi-projective geometrically integral varieties over k such that for every prime l, there are smooth projective compactifications X c and Y c and that (2.5)
is surjective, and that k[X × Y ] × = k × . Assume that (X × Y )(k) = ∅ or H 3 (k, k × ) = 0. Then the group coker(Br), which is the cokernel of the natural map
Proof. By Propositions 2.6 and 2.13, the proof of Theorem B at p. 763, [9] is still available. For completeness, we describe it below. The assumption that (X × Y )(k) = ∅ or H 3 (k, k × ) = 0 ensures the factorial exact sequence Br X → Br(X) g k → H 2 (k, Pic X).
Thus we obtain the following commutative diagram with exact rows
